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Using Aeroelastic Modes for Nonlinear Panel Flutter
at Arbitrary Supersonic Yawed Angle

Xinyun Guo¤ and Chuh Mei†

Old Dominion University, Norfolk, Virginia 23529-0247

It is commonly accepted that six in vacuo natural modes are needed for converged, limit-cycle oscillations of
isotropicrectangular plates exposed to supersonic � ow at zero yaw angle to the principle panel length. For isotropic
or orthotropicrectangularplatesunderanarbitrary nonzero yawed supersonic � ow, then 36 or 6 ££ 6 naturalmodes
are needed; for laminated anisotropic rectangular plates even at zero yaw angle, 36 or fewer natural modes are
needed. To deal with such a large numberof modes is computationallycostly for � utter analysis, causing complexity
and dif� culty in designing controllers for � utter suppression. A thorough examination and understanding of the
panel limit-cycle behavior leads to the use of aeroelastic modes for supersonic nonlinear panel � utter analysis.
The system equations of motion are formulated � rst in structural node degrees of freedom. Aeroelastic modes are
selected and determined, and the system equations is expressed in the aeroelastic modal coordinates. Limit-cycle
amplitudes are then determined using numerical integration. Examples show that the number of modes could
be greatly reduced by using aeroelastic modes. For determining limit-cycle oscillations of isotropic or anisotropic
composite rectangular plates at zero or an arbitrary yawed � ow angle, only two aeroelastic modes are needed; but
six to seven aeroelastic modes are needed for designing controllers for � utter suppression.

Nomenclature
[A]; [B]; [D] = laminate extension, coupling, and bending

stiffness matrices
[Ax ]; [Ay ] = aerodynamic in� uence matrices
a; b = panel dimensions
Ca = aerodynamic damping coef� cient
[G] = system aerodynamic damping matrix
ga = nondimensionalaerodynamic damping
h = panel thickness
[K ] = system linear stiffness matrix
[K 1]; [K 2] = system � rst- and second-ordernonlinear

stiffness matrices
[M ] = system mass matrix
M1 = freestream Mach number
[ NQ] = transformed lamina material stiffness matrix
fqg = modal coordinate vector
qa = dynamic pressure
u; v = in-plane displacements
V1 = freestream air velocity
w = panel de� ection
f"0g = in-plane strain vector
f·g = curvature vector
3 = � ow yaw angle
¸ = nondimensionaldynamic pressure
¸0 = dynamic pressure speci� ed

for aeroelastic modes
½ = plate mass density
½a = air mass density
[8R ]; [8L ] = matrices of right and left eigenvectors
fÁr g = r th right eigenvector
!0 = reference frequency
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I. Introduction

I T is commonlyacceptedthat a minimumofsix (or6 £ 1) in vacuo
natural modes (NMs) is required for converged limit-cycle os-

cillations (LCOs) of isotropic rectangular plates at supersonic � ow
speed at zero yaw angle.1 It is then expected that 6 £ 6 or 36 NMs
are neededfor isotropicrectangularplates for convergedLCOs at an
arbitrary yawed supersonic � ow.2 Few investigationson LCO have
dealt with yawed air� ow. Friedmann and Hanin3 were the � rst to
study nonlinear � utter of rectangular isotropicor orthotropicpanels
with arbitrary supersonic � ow directions. They used the � rst-order
quasi-steady aerodynamic theory and Galerkin’s method with a
4 £ 2 or eightNMs (four in the x directionand two in the y direction)
model for panels of simply supported edges. Numerical integration
was employedfor the LCO response.Chandiramaniet al.4;5 used the
third-order piston theory aerodynamics and the higher-order shear
deformationtheoryand investigatednonperiodic� utter of a buckled
compositepanel.The yawingof � owwas considered,andGalerkin’s
method with a 2 £ 2 or four NMs model was employed for simply
supported rectangular laminated composite panel. The numerical
integration was used for quasi-periodic/chaotic � utter motion. For
arbitrarylaminatedanisotropiccompositerectangularplates,Abdel-
Motagaly et al.2 have shown that 36 or fewer NMs of the lowest
natural frequencies are needed for accurate LCO even at zero yaw
angle. An ef� cient iterative eigensolutionprocedure was employed
for the determination of LCO from the coupled nonlinear modal
equations.They have introduceda modal participationvalue for the
selectionof those NMs contributingthe most to LCO. For nonlinear
� utter suppression in controller design, this would certainly cause
complexity and dif� culty in dealing with such a large number of
NMs.6;7 This leads us to the investigation of whether it is possible
to analyzenonlinearpanel� utterusingsome reducedmodelingbasis
with fewer degreesof freedom(DOF), particularlymuch fewer than
the acceptednumber of NMs. An in-depthexaminationand through
understandingof the solution procedure in determining panel LCO
response reveals that it is feasible to use a small number of aeroe-
lastic modes (AEMs) for isotropicand composite rectangularplates
at zero or arbitrary � ow yaw angle. For fundamental theories and
understandingof panel � utter LCO using NMs, see Refs. 8–12.

This paperpresentsfor the � rst time the analysisof nonlinear� ut-
ter of isotropic and composite panels using the AEMs at arbitrary
supersonicyawed angle.The classical laminatedplate theory is em-
ployed for thin composite panels, and the von Kármán nonlinear
strain–displacement relations are used for moderately large panel
de� ections. Quasi-steady � rst-order piston theory aerodynamics is
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employed for the aerodynamic pressure. The system equations of
motion are derived and expressed � rst in structural node DOF. The
linear AEMs are selected and determined,and the system equations
of motion are transformed in terms of the aeroelastic modal coor-
dinates. Panel LCO responses are determined using an integration
scheme for a givencombinationof � ow yaw angle 3, dynamicpres-
sure ¸, and aerodynamicdamping Ca . Numerical examples include
a square and a rectangular simply supported isotropic plate and a
rectangular clamped laminated composite plate to show the accu-
racy of LCO results attainable in using AEMs. Convergence and
selection of the AEMs on LCO are also investigatedand presented.

II. Aeroelastic Modes
There are two distinct analysis methods in supersonic nonlin-

ear panel � utter: the time domain and the frequency domain. In
time-domain approaches, the coupled nonlinear modal (in NMs)
equations are formulated from the governing partial differential
equations1;3¡5 in conjunction with Galerkin’s method in the spatial
domain, or from the � nite element modal formulation.6;7 LCO re-
sponsesare then determinedfrom the nonlinearmodal equationsus-
ing techniques including numerical integration, harmonic balance,
or the perturbationmethod in the time domain. In frequency-domain
approaches, the coupled nonlinear equations of motion are formu-
latedusing � niteelementmethodsand are expressedin the structural
node DOF13 or natural modal coordinates.2 The panel responsesare
determined by an iterative linearized eigensolution using the lin-
earized updated mode with a nonlinear time function (LUM/NTF)
approximation.2;13¡15

When the frequency-domainmethod in NMs (Fig. 1) is used for
a simply supported isotropic square plate at 3 D 0 deg, the six in
vacuo NMs, modes (1, 1)–(6, 1), used in the analysis are located
on the vertical axis at ¸ D 0. The linear (Wmax=h D 0:0) eigenvalues
for modes (1, 1) and (2, 1) coalesce at the critical dynamic pressure
¸cr D 512. With the LUM/NTF approximation, the converged itera-
tive linearized eigenvalues · vs ¸ for two typical large amplitudes
Wmax=h D 0:6 and 1.2 are shown, and they coalesced at the � utter
dynamic pressures ¸ f 1 and ¸ f 2 , respectively.The variation of LCO
amplitude Wmax=h vs dynamic pressure is, thus, determined and
shown in Fig. 2. The LCO de� ections at Wmax=h D 0:6 and 1.2 are
shown in Fig. 3.

Reexamine Fig. 1; the LCO occurs at ¸ > ¸cr , whereas the six
base NMs are located far away at ¸ D 0. Why does one not consider
using the AEMs that reside near the LCO in the K –¸ plot of Fig. 1.
The AEMs are the linear panel vibration modes under the in� uence
of dynamic pressure0 < ¸ < ¸cr. The lowest two normalizedAEMs
at ¸ D 510 is shown in Fig. 4. By comparison of the LCO de� ection
shapes in Fig. 3 and the AEMs in Fig. 4, it is now much certain that
the use of AEMs will reduce the number of DOF for the limit-cycle
analysis because the LCO de� ections and the AEMs have great
similarities in shape.

The concept of use of multidisciplinary AEMs for multidisci-
plinary panel � utter problems can be extended to other multidisci-

Fig. 1 Eigenvalues K vs dynamic pressure for a simply supported
isotropic square plate at ¤ = 0 deg.

Fig. 2 LCO amplitudes vs dynamic pressure for a simply supported
isotropic square plate at ¤ = 0 deg.

Fig. 3 LCO de� ections of Wmax/h = 0.6 and 1.2 at y = b/2 for a simply
supported isotropic square plate at ¤ = 0 deg.

Fig. 4 Normalized AEMs at ¸0 = 510 for a simply supported isotropic
square plate at ¤ = 0 deg.

plinary � elds. The use of vibration modes immersed in water16 for
the design and analysis of offshore platforms and the use of vibra-
tion modes17 at temperature T > critical buckling temperature Tcr

for structures and machineries operating at elevated temperatures
are two examples.

III. Finite Element Formulation
A. Constitutive Equations

In the derivation of equations of motion, it is assumed that the
panel is thin, that is, the ratio of length or width over thickness is
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greater than 50. The rotary inertia and transverse shear deforma-
tion effects are, thus, negligible.The in-plane strains and curvatures
based on von Kármán large de� ection and classical laminated plate
theories are given by
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where the subscriptsm and b denotemembrane(in-plane)and bend-
ing components, respectively. For an aircraft panel consisting of
� ber-reinforcedcomposite layers, the stress–strain relationshipsfor
a general kth layer can be expressed as
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The constitutive relations for a composite laminate are
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where the laminate stiffness matrices and stress resultants are

.[A]; [B]; [D]/ D
Z h=2
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B. First-Order Piston Theory Aerodynamics
The quasi-steady � rst-order piston theory aerodynamics is em-

ployed for the aerodynamicpressure.Although this theory neglects
theeffectsof � ow memory,it givesa verysatisfactoryapproximation
for high supersonic Mach numbers (M1 > 1:6). The aerodynamic
pressure is given by
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where 3 is the � ow yaw angle with the x axis and the nondimen-
sional dynamic pressure ¸ and aerodynamic damping ga are given
by
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and ¯ D
p

.M2
1 ¡ 1/, !0 D .D110=½ha4/1=2 , and D110 is the � rst en-

try of laminate bending stiffnessmatrix with all � bers aligned in the
x direction supposedly.

C. Equations of Motion
Using Hamilton’s principle and � nite element expressions, the

system equations of motion in structural node DOF for nonlinear
panel � utter at an arbitrary � ow angle, after assembling the element
matrices and considering the kinematic boundary conditions, can
be expressed as2
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where [K 1] and [K 2] depend linearly and quadratically on the
unknown displacements fW g. The subscripts B; Nm , and Nb de-
note that the corresponding stiffness matrix is due to the laminate
extension–bending stiffness [B], and membrane force components
fNm g.D [A]f"0

mg/ and fNbg.D [B]f·g/, respectively; and subscripts
x and y denote that the correspondingaerodynamicin� uencematrix
is due to the w;x and w;y terms in Eq. (6), respectively.

D. Symmetric Laminated Panel
For symmetric composite and isotropic panels, the laminate cou-

pling matrix [B] is null. This leads to

[K B ] D [K 1Nb] D 0 (9)

When the in-plane inertial term is neglected in Eq. (8), the in-plane
displacements can be expressed in terms of the bending displace-
ment vector fWbg as

fWmg D ¡[K ]¡1
m [K 1]mbfWbg (10)

Thus, the system equation (8) is expressed in terms of the bending
displacement fWbg as
¡
1
¯

!2
0

¢
[Mb]f RWbg C .ga=!0/[G]f PWbg C .[KL ] C [KNL]/fWbg D 0

(11)

where the linear and nonlinear stiffness matrices are given by

[KL ] D ¸.[Ax ] cos 3 C [Ay] sin 3/ C [K ]b D ¸[Aa ] C [K ]b (12)

[KNL] D [K 1N m] C [K 2] ¡ [K 1]bm[K ]¡1
m [K 1]mb (13)

Equation (8) or (11) can be solved for nonlinear � utter response in
the frequency domain using LUM/NTF approximation. However,
using the system equations in the form presented in Eq. (8) or (11)
have two disadvantages:1) The elementnonlinearstiffnessmatrices
have to be evaluatedand the systemnonlinearstiffnessmatricesmust
be assembled and updated at each iteration, and 2) the number of
structural node DOF of fWbg is usually very large. This turns out
to be computationally costly. An ef� cient solution procedure is to
transferEq. (11) into theNMs2;6;7 or evenmore ef� cientlythe AEMs
(present paper).

E. Equations in Aeroelastic Modal Coordinates
Assume that the panel de� ection can be expressed as a linear

combination of some known base functions as

fWbg D
nX

r D 1

qr .t/fÁr g D [8R]fqg (14)

where the number of retained linear aeroelastic modes, n, is much
smaller than the number of structuralnode DOF in bending fWbg as
well as the numberof NMs. The r th AEM fÁr g is a right eigenvector
and normalized with the maximum component to unity as shown in
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Fig. 4. The matrix of selected AEMs [8R], which is the matrix of
right eigenvectors, and the corresponding linear frequencies !r are
obtained from the linear vibration of the system with the in� uence
of aerodynamic in� uence matrix term
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[M ]bfÁr g D .[K ]b C ¸0[Aa ]/fÁr g (15)

where ¸0 is a certain selected dynamic pressure value. The aerody-
namicmatrix [Aa ] is skewsymmetric,and thus, thecombinedmatrix
.[K ]b C ¸0[Aa]/ is nonsymmetrical.Hence, the desirableproperties
of the eigenvaluesand eigenvectorsassociatedwith symmetric ma-
trices no longer exist.18 In particular, for ¸0 < ¸cr , the eigenvalues
and eigenvectorsare real, but the eigenvectorsare no longer orthog-
onal. Here we utilize the concept of right and left eigenvectors18 to
transform the system equations into modal coordinates.

Based on AEMs, it is necessary to transform all of the nonlinear
stiffness matrices in Eq. (13) into aeroelastic modal coordinates.
Matrices [K 1]mb and [K 2] are functions of the unknown bending
DOF fWbg; they can be expressed as the sum of products of AEM
coordinates and nonlinear modal stiffness matrices as
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nX

r D 1

qr [K 1].r/
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¡
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where the superscripts of those nonlinear modal stiffness matrices
denote that they are assembledfrom thecorrespondingelementnon-
linear stiffnessmatrices. Those element nonlinearstiffnessmatrices
are evaluated with the corresponding element components fwbg.r/

obtained from the known system linear AEM fÁr g. Therefore, the
nonlinear modal stiffness matrices are constant matrices. The � rst-
order nonlinear stiffness matrix [K 1Nm ] is a linear function of the
in-plane displacement fWm g, and from Eq. (10), fWm g consists of
the product of two matrices as

fW gm D ¡[K ]¡1
m
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where the in-plane mode corresponding to the AEMs fÁr g and fÁs g
is

fÁr sgm D [K ]¡1
m [K 1].r/

mbfÁsg (19)

Thus, the nonlinear stiffness matrix [K 1N m] can be expressed as
the sum of the products of AEM coordinates and nonlinear modal
stiffness matrices as

[K 1N m] D ¡
nX

r D 1

nX

s D 1

qr qs[K 2Nm ].rs/ (20)

Note that [K 1Nm ] is quadratic in AEM coordinates. The nonlinear
modal stiffness matrix [K 2Nm ].rs/ is assembled and evaluated with
known in-plane mode fÁr sgm , and it is also a constant matrix.

Equation (11) is transformed to the following reduced nonlinear
system in the modal coordinates:
¡
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where the modal mass, aerodynamic damping, and linear stiffness
matrices are given by

.[ NMb]; [ NG]; [ NK L]/ D [8L ]T .[Mb]; [G]; [K L ]/[8R ] (22)

and the cubic term in modal coordinates is
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where [8L ] is the matrix of left eigenvectors18 correspondingto the
selected AEMs, which are the selected right eigenvectors.Because
the original matrix of left eigenvectors [80

L ] (square matrix) is re-
lated with the original matrix of right eigenvectors [80

R] (square
matrix) by [80

L ]T D [80
R ]¡1, left eigenvector [8L ] is obtained by

extracting the correspondingparts from the [80
R ]¡1.

F. Time-Domain Solution Procedure
All of the modal matrices in Eq. (21) are constantmatrices. In this

procedure, the eigenvalue problem of Eq. (15) with selected ¸0 is
solved � rst to generate the AEMs; next, a certain number of AEMs
are retained in the � nite element modal reduction. With arbitrary
given initial conditions and a given set of dynamic pressure ¸, � ow
angle3, and aerodynamicdampingCa , themodalamplitudefqg can
bedeterminedfromEq. (21)usingany numericalintegrationscheme
such as the Runge–Kutta or Newmark-¯ method. The Runge–Kutta
method is employed in present paper.

A participationvalue that evaluates the contributionfrom the r th
AEM to the total de� ection is de� ned as

P.r th mode/ D max jqr jPn
s D 1.max jqs j/

(24)

Thus, the minimum number of AEMs for an accurate and converged
solutioncan be determinedbased on the modal participationvalues.
Because AEMs, unlike natural modes, depend also on the dynamic
pressure, the selection of AEMs or ¸0 in Eq. (15) for accurate LCO
is studied and presented.

IV. Results and Discussion
To validate the present � nite element modal formulation using

AEMs, the LCO results for an isotropic square, a rectangular, and
a composite rectangular panel are determined and compared with
LCO resultsusing the NMs. LCO resultsat zero � ow angle is studied
and presented and then followed by nonzero � ow angles. The � nite
element employed in the examples is the four-node Boger–Fox–
Schmit (BFS) rectangular plate element.19 The BFS element has
24 DOF, 6 at each node; the bending DOF, fwbg, comprise trans-
verse displacements and � rst and second derivatives of displace-
ments w; w;x ; w;y ; w;x y ; and the in-plane DOF, fwmg, comprise u
and v.

Three examples are considered. For the simply supported
isotropic square plate at 3 D 0, a 12 £ 3 mesh or 36 BFS ele-
ments in a half plate model is used; at 3 6D 0, a 12 £ 12 mesh or
144 BFS elements of the full plate is used. An aerodynamic damp-
ing Ca D 0:01 is employed. For the simply supported isotropic rect-
angular plate of 15 £ 12 £ 0:050 in. (38:1 £ 30:5 £ 0:127 cm) at
3 6D 0, a 12 £ 12 mesh full plate model is employed. The aero-
dynamic damping coef� cient Ca is set to 0.05. A clamped three-
layered [¡40=40=¡40] rectangularlaminateof 15 £ 12 £ 0:048 in.
(38:1 £ 30:5 £ 0:122 cm) is investigated.The full plate is modeled
with 12 £ 12 mesh or 144 BFS elements for both 3 D 0 and 3 6D 0.
The materialpropertiesof graphite/epoxyare E1 D 22:5 Mpsi (Msi)
(155 GPa), E2 D 1:17 Msi (8.07 GPa), G12D 0:66 Msi (4.55 GPa),
° 12D 0:22, and ½ D 0:1458£ 10¡3 lb ¢ s2/in.4 (1550 kg/m3). The
aerodynamicdamping coef� cient Ca is also set to 0.01.

A. Flow Yaw Angle ¤ = 0 Degree
For the simply supported isotropic square plate, it is known that

¸cr D 512. First, the LCO amplitudes using two AEMs (¸0 D 510,
Fig. 4) are determined and compared with results using six NMs
shown in Fig. 5. The present AE modal formulation gives accurate
LCO response. The time history and phase plot of LCO at ¸ D 890
are shown in Figs. 6 and 7, respectively.

The convergence of LCO amplitudes using various numbers of
AEMs at ¸0 D 510 is investigated and shown in Fig. 8. It can be
seen clearly that the LCO converges fast. It can be also seen in
Table 1, which shows the modal participation values for the six
AEMs, where the � rst and second AEMs are dominant.Table 1 also
gives the modal participation values for the six NMs. Comparison
shows that the method using AEMs converges faster than NMs.



276 GUO AND MEI

Table 1 Comparison of modal participation values in using six AEMs
(¸0 = 510) and six NMs for the simply supported isotropic square

plate at ¤ = 0 deg

Modal participation, %

Wmax=h Modes q1 q2 q3 q4 q5 q6

0.24 AEM 53.18 46.35 0.36 0.05 0.03 0.01
NM 42.37 41.82 11.87 2.46 1.03 4.31

0.51 AEM 63.93 34.83 0.91 0.21 0.08 0.03
NM 59.86 30.50 5.96 2.28 0.88 0.46

1.02 AEM 67.32 29.43 1.51 1.16 0.44 0.14
NM 29.33 45.76 15.23 7.49 0.80 1.38

Fig. 5 Comparison of LCO amplitudes using two AEMs and six NMs
for a simply supported isotropic square plate at ¤ = 0 deg.

Fig. 6 Time history using two AEMs for a simply supported isotropic
square plate at ¸ = 890 and ¤ = 0 deg.

One question arises in this procedure: Where should the AEMs
be selected? This is because AEMs also depend on dynamic pres-
sure. Intuitively, ¸0 should be selected near the onset of � utter. We
know that ¸cr D 512 for a simply supported isotropic square plate.
Therefore all of the results obtained (Table 1) are based on AEMs
at ¸0 D 510. To � nd out the effect of different ¸0 values on LCO
results, Fig. 9 shows the difference of LCO amplitudes using two
AEMs at three different ¸0 values. The largest difference of LCO
amplitudes between ¸0 D 400 and 510 is about 10%. This indicates
that AEMs selection is not very sensitive to LCO results, but the
closer to the coalescence ¸cr , the more accurate the result will be.

For the clamped rectangular laminated [¡40=40=¡40] compos-
ite plate, we follow the same proceduredescribed earlier. Figure 10
shows the convergenceand accuracy of LCO results using 2, 4, and

Table 2 Modal participation values of six AEMs
(¸0 = 245) for a clamped rectangular laminated

composite plate at ¤ = 0 deg

Modal participation, %

Wmax=h q1 q2 q3 q4 q5 q6

0.22 42.26 47.38 1.21 6.91 1.22 1.00
0.57 40.23 43.88 2.80 8.95 1.34 2.77
1.04 35.42 38.47 7.89 10.38 1.66 6.18

Fig. 7 Phase plot using two AEMs for a simply supported isotropic
square plate at ¸ = 890 and ¤ = 0 deg.

Fig. 8 Convergence of LCO amplitude using AEMs for a simply sup-
ported isotropic square plate at ¤ = 0 deg.

6 AEMs at ¸0 D 245 and compared with 36 NMs. The modal par-
ticipation in Table 2 shows that higher AEMs gradually contributed
more at larger limit-cycle amplitudes and that they could not be
neglected. The LCO results using two AEMs are good, at least for
small amplitudes, but using six AEMs is better for this composite
panel.

B. Flow Yaw Angle ¤ 6=6= 0 with Method 1
For � ow yaw angle 3 6D 0, intuitively, we could follow the same

procedure as for 3 D 0. For a particular � ow yaw angle, the AEMs
are selectedandgeneratedwith respectto the � owangle,and then the
LCO responseof the speci� ed � ow angle is determined.This means
that any other yaw angle cases will follow the procedures just de-
scribed. This is method 1 for nonlinear panel � utter analysis. In
the following, modal convergence and accuracy of LCO results are
investigated. Figure 11 shows the LCO amplitudes of the simply
supported isotropic square plate at 3 D 15 deg using 2 and 6 AEMs
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Fig. 9 LCO amplitudes for a simply supported isotropic square plate
at ¤ = 0 deg using two AEMs selected at different ¸0 .

Fig. 10 Comparison of LCO amplitudes using various numbers of
AEMs (¸0 = 245) and 36 NMs for the clamped rectangular laminated
composite plate at ¤ = 0 deg.

Fig. 11 Comparison of LCO amplitudes using 2 and 6 AEMs (¸0 =
515) and 36 NMs for a simply supported isotropic square plate at ¤ =
15 deg (method 1).

Table 3 Modal participation values using six AEMs
(¸0 = 515) and method 1 for a simply supported

isotropic square plate at ¤ = 15 deg

Modal participation, %

Wmax=h q1 q2 q3 q4 q5 q6

0.08 50.69 48.49 0.04 0.36 0.32 0.09
0.48 60.68 38.23 0.07 0.28 0.53 0.21
1.01 60.32 37.32 0.13 0.64 1.04 0.56

Table 4 Modal participation values for six AEMs
(¸0 = 200) and method 1 for a clamped rectangular

laminated composite plate at ¤ = 15 deg

Modal participation, %

Wmax=h q1 q2 q3 q4 q5 q6

0.18 51.50 45.90 0.27 1.41 0.24 0.68
0.55 53.93 38.54 0.58 4.55 0.43 1.96
0.96 46.44 38.39 2.52 7.25 0.78 4.61

Fig. 12 Comparison of LCO amplitudes using 6 AEMs (¸0 = 200) and
36 NMs for a clamped rectangular laminated composite plate at ¤ =
15 deg (method 1).

(¸0 D 515) compared with using 36 NMs. The results show that
even when 2 AEMs are used it is in good agreement with those
using 36 NMs. It is seen from Table 3 that the � rst two AEMs are
the most dominant, with all others contributingvery little.

For the clamped rectangular laminated composite plate, the re-
sults are shown in Fig. 12 and Table 4. Again, it is observed
that higher frequency AEMs gradually contribute more at larger
amplitudes.

C. Flow Yaw Angle ¤ 6=6= 0 with Method 2
Method 1 has one disadvantage in controller design for � utter

suppression in that it is only for a speci� ed � ow angle. This means
that the AEMs have to be chosen differently for different � ow an-
gles. However, in actual � ight, the � ow angle could be varied and
arbitrary. This makes the controller design much more dif� cult be-
cause it should cover all of the possible � ow angles. In another
words, it will increase the dif� culties greatly if AEMs are consid-
ered in � utter suppression.Usually, the controller design technique
prefers fewer vibration modes to simplify the control model. For
example, piezoelectric patches were studied in control � utter for
optimum placements.6;7 It would be a good idea if a small number
of AEMs can be used for all � ow angles. Intuitively, evenly dis-
tributed AEMs over the range of � ow yaw angles can be used for
LCO for an arbitrary � ow angle.

For the simply supported isotropic square plate, 10 evenly
distributed AEMs are � rst investigated. They are two AEMs at
each of the � ve � ow angles 3 D 0 (¸0 D 500), 22.5 (¸0 D 510),
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Table 5 Modal participation values using six AEMs
and method 2 for a simply supported isotropic

square plate at ¤ = 15 deg

Modal participation, %

Wmax=h q1
0 q2

0 q1
90 q2

90 q1
30 q1

60

0.25 21.9 28.4 17.3 16.1 13.2 2.94
0.60 26.0 27.6 20.2 20.6 2.21 3.26
1.15 26.3 28.9 20.9 20.7 7.93 2.30

Fig. 13 Comparison of LCO amplitudes using 10 AEMs and 36 NMs
for a simply supported isotropic square plate at ¤ = 15 deg (method 2).

Fig. 14 Comparison of LCO amplitudes at ¤ = 15 deg using 6 AEMs
and 36 NMs for a simply supported isotropic square plate (method 2).

45 (¸0 D 514), 67.5 (¸0 D 510) and 90 deg (¸0 D 500). Figure 13
shows the comparison of LCO amplitudes with using 36 NMs. To
decrease the number of AEMs used, other cases have been investi-
gated. Finally, six AEMs and their locations are determined to be
effective: two AEMs q1

0 and q2
0 at 3 D 0 (¸0 D 510), two AEMs q1

90
and q2

90 at 3 D 90 (¸0 D 510), one AEM q1
30 at 3 D 30 (¸0 D 522),

and one AEM q1
60 at 3 D 60 deg (¸0 D 522). Figure 14 and Table 5

give the results and modal participationvalues. It is seen that using
6 AEMs has excellent agreement with using 36 NMs for isotropic
plate at � ow angle 3 D 15 deg.

For the simply supported isotropic rectangular plate, two � ow
yaw angles 3 D 15 and 40 deg are studied, and the aerodynamic
damping coef� cient Ca is set to 0.05. The six AEMs used are the q1

0
andq2

0 at 3 D 0 (¸0 D 612),q1
90 and q2

90 at 3 D 90 (¸0 D 867), the � rst
AEM q1

30 at 3 D 30 (¸0 D 656), and q1
60 at 3 D 60 deg (¸0 D 778).

The results are presented in Fig. 15, and the agreement with using
36 NMs is good.

Table 6 Modal participation values at ¤ = 15 deg using seven
AEMs for the clamped composite rectangular plate

Modal participation, %

Wmax=h q1
0 q2

0 q1
90 q2

90 q1
22:5 q1

45 q1
67:5

0.18 3.16 0.066 6.63 0.505 20.87 40.50 28.25
0.54 3.39 0.068 6.07 0.463 22.32 40.55 27.12
1.13 3.04 0.079 6.47 0.473 20.47 40.47 27.92

Table 7 Modal participation values at ¤ = 60 deg using seven
AEMs for the clamped composite rectangular plate

Modal participation, %

Wmax=h q1
0 q2

0 q1
90 q2

90 q1
22:5 q1

45 q1
67:5

0.17 3.26 0.129 6.05 0.403 21.71 40.64 27.71
0.50 6.50 0.477 1.61 0.215 31.52 41.23 18.32
1.02 3.23 0.068 6.19 0.457 22.13 40.51 27.43

Fig. 15 Comparison of LCO amplitudes using 6 AEMs and 36 NMs
for simply supported rectangular isotropic plate at ¤ = 15 and 40 deg
(method 2).

Fig. 16 Comparison of LCO amplitudes at nonzero � ow angle for
the clamped rectangular composite plate using 7 AEMs and 36 NMs
(method 2).

For clamped composite plate, seven AEMs are chosen after some
search: q1

0 and q2
0 , the � rst and second AEM at 3 D 0 (¸0 D 245);

q1
90 and q2

90, the � rst and second AEM at 3 D 90 (¸0 D 218); q1
22:5,

the � rst AEM at 3 D 22:5 (¸0 D 186); q1
45, the � rst AEM at 3 D 45

(¸0 D 168); and q1
67:5 , the � rst AEM at 3 D 67:5 deg (¸0 D 176).

LCO amplitudes and modal participation values for yaw angles of
15 and 60 deg are shown in Fig. 16 and Tables 6 and 7. The time
history and phase plots of LCO for a yaw angle of 15 deg are also
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Fig.17 Time history for the clamped rectangularcompositeplateusing
seven AEMs at ¸ = 460 and ¤ = 15 deg.

Fig. 18 Phase plot for the clamped rectangular composite plate using
seven AEMs at ¸ = 460 and ¤ = 15 deg.

presented in Figs. 17 and 18. They all demonstrate that accurate
LCO results can be determined with six or seven AEMs. Note that
although the modal participationvaluesof q2

0 and q2
90 are small, they

play an role to make the numerical procedures stable.

V. Conclusions
A � nite element time-domain formulation using AEMs is pre-

sented for the analysis of nonlinear � utter of isotropic and compos-
ite panels at arbitrary � ow yaw angle. A new and ef� cient method
is presented by introducing the concept of AEMs and using the AE
modal transformation to reduce the system equations in structural
node DOF to a set of much fewer equations. The method has the
advantage of using less computational efforts than other methods
and, more important, may provide a much easier base for high-
performance panel � utter controller design for � utter suppression.
The applicationof AEMs for convergedLCO is studiedfor isotropic
and composite panels with different boundary conditions and at ar-
bitrary � ow yaw angles. Results have shown that in using AEMs
the number of modal equations can be drastically reduced with lit-

tle loss in accuracy as compared with those using the NMs. Future
work would include applying AEMs on the controller design for
� utter suppression and the � utter analysis at elevated temperature
environment.
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